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Abstract
The Law of density dependent effect in population dynamics is the central
problem in ecological researches. First principle derivation is the method for
deriving the law of population dynamics. In this paper, we discuss the appli-
cability of first principle derivation and derive another model. After reviewing
successful examples, we extend individual based first principle derivation by
Royama and discuss the extendability. For renewd model, we use unimodal
interaction functions derived $hom$ economic phenomena. By this function, we
can derive Holling’s Type III model. We enable not only to derive renewed
model but also to discuss time evolution inclusively through bifurcation anal-
ysis. After all, we make a point that it is important to call into account
economical clustering and relations with neighbors when we discuss the first
principle derivation.
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. , , individual-based framework .




. , $p_{k}$ $k$ , $r(k)$ $k$
. . $a_{t}$






$r(k)$ . $k$ $0$ 4 , (5)
, $a_{t+1}$ .
, ( ) ,
, (1) First principle derivation
. individual-based framework , Royama $(1992)[12]$ .
1 .
4 , $t$ $a_{t}$ , $k$ , $0$ $a_{t}$ .











$1$ : An illustration of individual-based framework [12, Figure4.2].
1.1.1 Example of first principle derivation 1: Ricker model
$Firstpr\ddagger nciplederivation$ , Royama (1992)[12]
, Ricker model . ,
$a_{t+1}=f(a_{t})$ $:=a_{t}\exp(r(1-a_{t}/K))$ (6)






. , $k$ , Poisson
( , $\lambda$ $p(k)=\lambda^{k}\exp(-\lambda)/k!$ ) .
. , $d$ , $d$
. $s$ . $a_{t}$
$A$ , $s/A$ , $sa_{t}/A$
. , $Aarrow\infty$
, $k$ , $a_{t}$





, r(k)=b . ,
($k=0$ ) , $r(k=0)=b$ . $0<c<1$ ,
1 $c$ , (
) .
, $c>1$ .
, (Royama $(1992)[12]$ , Br\"annstr\"om&
Sumpter (2005) [2]). , $r(k)$ .











$=$ $a_{t} \exp[\log(b)\{1-\frac{(1-c)sa_{t}}{A\log(b)}\}]$ (11)
. , (11) $r=\log(b)$ $K_{(1-c)t}^{\ovalbox{\tt\small REJECT}\zeta b\lrcorner}=^{A}$
, Ricker mode1(6) . , First principle derivation
.
1.1.2 Example of flrst principle derivation 2: Skellam model
Royama(1992)[12] , (contest competition)
, Brannstrom&Sumpter (2005) [2] , (contest
5 , .




competition) Skellam model . Skellam model
,
$a_{t+1}=f(a_{t})$ $:=K(1-\exp(-ra_{t}))$ (12)
. Logistic model Ricker model (uni-
modal) , , 7 .
, $r(k)= \frac{b}{k+1}$ . Ricker model $k$
, $k$ . ,
, $r(k)$ $k$ .












. , (10) , (14)
,
$a_{t+1}$ $=$ $b \frac{A}{s}\exp(-sa_{t}/A)\{\exp(sa_{t}/A)-1\}$
$=b \frac{A}{\underline s}\{1-\exp(-sa_{t}/A)\}$ (15)
$7f(a_{t})$ , (contnst competition) . (scramble competition)




. , (15) 1 $r= \frac{8}{A}$ $K=b \frac{A}{\delta}$
, Skellam model (12) .
1.2 Site-based framework
, first principle derivation .
, \ddagger ndividual-based ,
(scramble competition) ,
. , (contest competition) , $sit\triangleright based$
. (contest competition)
, Brinstr\"om&Sumpter (2005)[2] . site-based
framework , (Ricker model Skellam model) ,
, Hassell model, ramp model, Beverton-Holt model
8. . ,
,
$a_{t+1}=f(a_{t})$ $:=n \sum_{k-\wedge}^{\infty}q_{k}\phi(k)$ (16)
. , Br\"annstr\"om&Sumpter (2005)[2] , $n$ site , $q_{k}$
$k$ site , $r(k)$ $k$ site
. Brtinnstr\"om&Sumpter (2005) [2, Figure 1] , site-based framework
. 2 . , individual-based
pa 2: An illustration of site-based framework [2, Figure 1].
(5) 1 .





1.2.1 Example: Ricker model derived by site-based framework
Ricker model (6) , 1.1.1 , individual-based framework
, site-based framework .
, $q_{k}$ Poisson . , Ricker model ,
. (8) ,
$q_{k}= \frac{(a_{t}/n)^{k}\exp(-a_{t}/n)}{k!}$ (17)
. , $s/A=1/n$ . , $\phi(k)$ ,
$\phi(k)=\{\begin{array}{ll}b (if k=1),0 (otherwise)\end{array}$ (18)
. , $k=1$ $b$ . ,










, $\log(b)=r,$ $n= \frac{K}{r}$ , Ricker mode1(6) .
individual-based framework ,
.




, Royama individual-based framework reproduction function $r(k)$
site-based framework interection function $\phi(k)$ , $r(k)=\phi(k+1)/(k+1)$
[2]. , 121 $r(k)=bc^{k}$ ,
$\phi(k)=kr(k-1)=kbc^{k-1}$ . , $r(k)$ $k\geq 0$
, $\phi(k)$ $k\geq 1$ . , $\phi(0)=0$ .
,
$\phi(k)=\{\begin{array}{ll}kbc^{k-1} (k\geq 1),0 (otherwise).\end{array}$ (21)
, , $c=0$ ($carrow 0$ ) , Ricker model
.
(17), (21) (16) ,
$f(a_{t})$ $=$ $n \sum_{k=0}^{\infty}q_{k}\phi(k)=n\sum_{k-\wedge}^{\infty}\{\frac{(a_{t}/n)^{k}\exp(-a_{t}/n)}{k!}\cross\phi(k)\}$
$n \exp(-a_{t}/n)\sum_{k=1}^{\infty}\{\frac{(a_{t}/n)^{k}}{k!}xkbc^{k-1}\}$




$=$ $ba_{t}$ exp $\{(c-1)a_{t}/n\}$ (22)
. , $c=0$ (19) , Ricker model (6)
.
1.2.2 Example: Skellam model derived by site-based framework
, Ricker model , individual-based framework Skellam model
site-based framework .
Skellam model , $\phi(k)$ , $k\neq 0$ , $b$
. ,









$f(a_{t})$ $=$ $n \sum_{k--0}^{\infty}q_{k}\phi(k)=n\sum_{k=0}^{\infty}\{\frac{(a_{t}/n)^{k}\exp(-a_{t}/n)}{k!}\cross\phi(k)\}$
$n \exp(-a_{t}/n)\sum_{k=0}^{\infty}\{\frac{(a_{t}/n)^{k}}{k!}x\phi(k)\}$
$n \exp(-a_{t}/n)\sum_{k=1}^{\infty}\{\frac{(a_{t}/n)^{k}}{k!}xb\}$
$=$ $n \exp(-a_{t}/n)\{\sum_{k=0}^{\infty}\frac{(a_{t}/n)^{k}}{k!}\cross b-\sum_{k-\wedge}^{0}\frac{(a_{t}/n)^{k}}{k!}\cross b\}$
$=$ $bn\exp(-a_{t}/n)\{\exp(a_{t}/n)-1/0!\}$
$=$ $bn\{1-\exp(-a_{t}/n)\}$ (24)
, $bn=K,$ $n= \frac{1}{r}$ , (24) Skellam mode1(12)
.
1.2.3 Example: Hassell model derived by site-based framework
, individual-based framework sitebased framework
.
, Hassell model . ,
$a_{t+1}=f(a_{t})$ $;= \frac{k_{1}a_{t}}{(1+k_{2}a_{t})^{c}}$ (25)
. , (scramble competition) (contest
competition) [4].
,
$\bullet$ , . ,
$q_{k}= \frac{\lambda^{\lambda}}{\Gamma(\lambda)}\frac{\Gamma(k+\lambda)}{\Gamma(k+1)}\frac{(a_{t}/n)^{k}}{(\lambda+a_{t}/n)^{k+\lambda}}$ (26)
. , $\Gamma(\lambda)$ ,
$\Gamma(\lambda)=\int_{0}^{\infty}t^{\lambda-1}e^{-t}dt$ (27)














. . $b=k_{1},$ $\frac{1}{\mathfrak{n}\lambda}=k_{2},$ $\lambda+1=c$ , Hassell model (25)
.
, Hassell model (scramble competition) (con-
test competition) . Hassell model
, (26) $\lambdaarrow\infty$
. Poisson . Hassell model , 121 Ricker
model , , Hassell model (25)






, $\lambdaarrow\infty$ , $(1+ \frac{1}{\lambda}a$$n)arrow 1$ , $\frac{\lambda n}{a_{t}}arrow\infty$ $(1+ \frac{1}{\lambda}\mathfrak{n}\alpha)^{A}tarrow$
$e$ . , (29) ,
$f(a_{t})= \frac{ba_{t}}{1e^{\iota_{\hslash}}\lrcorner}=ba_{t}\exp(-a_{t}/n)$ (30)
, Ricker model (6) .
13
71
1.2.4 Example: Generalized competition model derived by site-based frame-
work
, 1.23 Hassell model , (scramble competition)





$\bullet$ $q_{k}$ :Poisson (17)
$\bullet$ $\phi(k)$ :
$\phi(k)=\{\begin{array}{ll}bh^{k-1} (if k\geq 1),0 (k=0)\end{array}$ (32)
. , $0<h<1$ . , (16) ,






1.2.5 Example: ramp model derived by site-based framework
t ramp model . , [2].





$q_{k}$ , 1 .
$q_{k}=\{\begin{array}{ll}1-a_{t}/n+[a_{t}/n] k=[a_{t}/n],a_{t}/n-[a_{t}/n] if k=[a_{t}/n]+1,0 otherwise.\end{array}$ (35)





$=$ $n \{\sum_{k=[a_{t}/n]}(1-a_{t}/n+[a_{t}/n])\phi(k)+\sum_{k=[a\iota/n]+1}(a_{t}/n-[a_{t}/n])\phi(k)\}$ (36)
. , $0\leq a_{t}<n$ .




(b) $n\leq$ . $[a_{t}/n]>0$ , (36) .
$f(a_{t})$ $=$ $n \{\sum_{k=[a_{t}/n]}(1-a_{t}/n+[a_{t}/n])b+\sum_{k=[a_{t}/n]+1}(a_{t}/n-[a_{t}/n])b\}$
$=$ $n\{(1-a_{t}/n+[a_{t}/n])+(a_{t}/n-[a_{t}/n])\}b$
$=$ $nb$. (38)
(37), (38) , ramp model (34) , first principle
.
1.2.6 Example: Beverton-Holt model derived by site-based framework







$\bullet$ $q_{k}$ ; ( (parameter) $\lambda=1$
) . ,










. , $b=k_{1},1/n=k_{2}$ , Beverton-Holt model (42) .
, Br\"annstrom &Sumpter (2005) [2] , $q_{k}$ (40)
, (26) ,
$a_{t+1}=f(a_{t})=bn(1- \frac{\lambda^{\lambda}}{(\lambda+a_{t}/n)^{\lambda}})$ (42)
, (parameter) $\lambda=1$ , (42) .
11
1.3 Contents of this paper
, first principle derivation , individual-based framework site-
based framework . , individual-based framework
. ,
individual-based framework .




, first principle derivation , Royama (1992) individual-based frame-
work , .
, 2 ,
. , 3 , 2 , individual-based framework first
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, Br\"annstr\"om &Sumpter (2005) [2]
,
$p_{k}= \frac{\lambda^{\lambda}}{\Gamma(\lambda)}\frac{\Gamma(\text{ }+\lambda)(a_{t}/n)^{k}}{\Gamma(k+1)(\lambda+a_{t}/n)^{k+\lambda}}$ (43)
. , 1. .
2. . , ,
, \searrow





, . , ,
. ,
. , $p_{k}$ ,
.
2.2 Reconsideration of interaction
$Pk$ , $r(k)$
. , ,
( ) ([12, 2]). , $r($ $)=bx$
($0<c<1$ or $1<c$) . , ,




, $r(k)$ . ,
, (Logistic effect) (Allee







2.2.1 Economy of scale
, .
. , $A$ $x_{A}$
, $B$ $x_{B}$ .
, , $x_{\mathcal{A}}$ $x_{B}$ . ,
.
$x_{A+B}$ . , ,
$x_{A+B}<x_{A}+x_{B}$ . ( , 2. .)
, , $x_{A+B}>x_{A}+x_{B}$ .
, .




. , , ,
, . , (economy of
scale) . , $x_{AB}$ (
) , $x_{A+B}=x_{A}+x_{B}+x_{AB}$ .
, ,
. 14 , . ,
$k$ , ,
. ( , ,
\searrow .)
1. ( ) $m^{k}(m>1)$
2. . .. ( )
3. $\frac{1-c^{k}}{1-c}$ ... ( $k$ )
4. $\log(k)\cdots$ hhke ($k$ )
, .











, , (Logistic effect)
Sigmoid ,
. ( , Introduction , Malthus Logistic
16)
, ,
. $k$ $c^{k}$ , $0<c<1$ ,
. $k$ ,
. , $\sum c^{t}=\frac{1-c^{k}}{1-c}k$ .
, $k$ ,
. , $k$ ,
. , $k$ $1/k$ $\frac{1}{k+1}$




2.2.2 Share of revenues
, ,






















, 1 , $karrow\infty$ ,
$karrow\infty$ , , r(
unimodal .









, ( ) (Logistic effect)
(AUee effxt) ,
. . ,
, Bulmer (1994) [3] .
(4 ) ,
. 2. (44) $b,$ $c$
.





ou 3: A figure of $r(k)$ from sigmoid. Equation (45). $b=10,$ $c=50$.
3 , (unimodality) , .
.
3 Limitation of first principle derivation
, , $r(k)$ ,




3.1 Tent model and its modification
, unimodal $r(k)$ tent
$r(k)=\{\begin{array}{ll}\frac{ch^{b}}{b}k (0\leq k<b)-\frac{ch^{b}}{b} \text{ } +2\frac{ch^{b}}{b} (b\leq k<2b)\end{array}$ (46)
. ,
.
, tent (46) . , tail
$r(k)=\{\begin{array}{ll}\frac{ch^{b}}{b}k (0\leq k<b)ch^{k} (b\leq k)\end{array}$ (47)
22
80
(R. M. May modified).
, , .
, Poisson
. $[0, b$) . ,




4 . , ,
$ch^{b}$
$4$ : A concept of further modified tent type $r(k)$ .
. ,
, first principle derivation , . , 1. 2. 3.
, ,
. , , (unimodality)
.
, 1. . $[0, \infty$) $r(k)=ch^{k}$ (
) , $ch^{k}$ $0\leq k<b$ ,
. ,
, $b$ , $k$ , $r(k)<0$





, 2. . , (47) . $[0, b$) , $[b, \infty$)
( ) ,
.
, 3. . , $ch^{k}$ $k=b$ $[0, b$) .
1. $r(k)<0$ , $r(O)=0$ $r(O)=c$
. , $r(O)=2ch2b$ , $r(O)>0$
.
, 3. , r( ) Poisson $p_{k}$
, $f(a_{t})$ . ,


















17. , , .
. , $b+1$
,
. , . $f(a_{t})$ Mathematica
6 .
$Ot$
$6$ : A figure of $f(a_{t})$ from further modified tent. a(49). $A=s=1,$ $c=100,$ $h=0.9$,
$b=35$.
, $r(k)$ ,
, unimod , .
17 , kurod kun.$ppt$ , . $A$ , $\exp$ .











3.2 Difficulty of first principle derivation
Royama first principle derivation , (5)
$a_{t+1}=f(a_{t}):=a_{t} \sum_{k=0}^{\infty}p_{k}r(k)$
. , Poisson (8)
$p_{k}= \frac{(sa_{t}/A)^{k}\exp(-sa_{t}/A)}{k!}$
Royama (1992)[12] . , (43)
$p_{k}= \frac{\lambda^{\lambda}}{\Gamma(\lambda)}\frac{\Gamma(k+\lambda)}{\Gamma(k+1)}\frac{(a_{t}/n)^{k}}{(\lambda+a_{t}/n)^{k+\lambda}}$
Br\"annstr\"om&Sumpter (2005) [2] .






, $1/k!$ . ( \Gamma ( +1)
.) $k!$ r( )
, $f(a_{t})$ . , $r(k)$ $k!$
.
$\bullet$ $r(k)$ $k!$
, Poisson $1/k!$ , $m$ (
) , $m^{k}$ , $|m|<1$
. , $\frac{1}{1-m}$ . $m$ , $a_{t}$
26
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, $m_{2}^{k}$ ( $m$ ,
) . , Royama(1992)[12]
, .
, ,
, , Royama first principle derivation
.
4 Numerical derivation of $f(a_{t})$ in case of unimodal
interaction function
, Royama First principle derivation ,
. , ,
, .
, $f(a_{t})$ . , sigmoid
$r(k)(45)$ 3 $f(a_{t})(51)$ ,
tent $r(k)(48)$ 6 $f(a_{t})(49)$ .
(unimodality) $r(k)$ $f(a_{t})$ .
, 2 , $r(k)$ , sigmoid
, . (45) ,
$r(k)= \frac{c}{1+\exp(-(k-b))}x\frac{1}{k+1}$
. 3 , (unimodality)




18 , $\frac{k!}{m_{1}^{k}}$ . .
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, $f(a_{t})$ 7 . $f(a_{t})$
$a$’
$7$ ; A figure of $f(a_{t})$ from sigmoid. Equation (51). $A=s=1.0,$ $b=15,$ $c=50$ .
. , Skellam model (12) (contest
competition) . , ,
(contest competition) , $a_{t}$
, $f(a_{t})$ concave . , sigmoid
$f(a_{t})$ $a_{t}$ convex . , Skellam model
$r(k)$ $k$ (13) , sigmoid
$r(k)$ (unimodal) ,
.
, , sigmoid $f(a_{t})$ , (unimodality)
$r(k)$ $f(a_{t})$ .
, , tent , , (48)
$r(k)$ (49) $f(a_{t})$
. (49) (numerical calculation) , 6 .
$f(a_{t})$ (unimodality) . ,
Ricker model (6) (scramble competition)
. , , (scramble competition)
(unimodal) , $a_{t}$ , , , $f(a_{t})$
concave . , tent $f(a_{t})$ $a_{t}$
convex . Sigmoid , Ricker model
28
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$r(k)$ $k$ (7) , tent
r( ) (unimodal) , $k$
.
2 , , 3 (unimodality)
, $f(a_{t})$ ,
, .
, , convexity concavity , Holling TyPe
III , ( ) first principle derivation
.
5 Dynamics of population




. , Br\"annstr\"om&Sumpter (2005) [2, Figure 3.]
, . 51
, $f(a_{t})$ , Mathematica .
45 , . 52 , $f(a_{t})$
$0$ . , , $f(O)$ ,
.
5.1 Bifurcation analysis and classiflcation of map
, Br\"annstr\"om&Sumpter (2005)[2, Figure 3.] ( , 8[2, Figure 3.]
.) , (contest competition) (time evolution)
, (scramble competition) .
, (Sigmoid
$f(a_{t}))$ .
, (contest competition) , $a_{t}=0$ $a_{t}=a^{r}$
. $a^{r}$ , $a_{t}=f(a_{t})$ $a_{t}$ , $a_{t}=0$ . $f(a_{t})$
$(f’(a_{t})>0)$ , , $f(a_{t})$ concave $(f”(a_{t})<0)$ , $a_{t}=f(a_{t})$
, $=0$ , $a_{t}>0$ .





ou 8: Classification of $f(a_{t})$ in [2, Figure 3.].
, unbounded contest competition , ,
.
, (scramble competition) . ,
$f(a_{t})$ unimodal , (parameter) ,
. Ricker model , (Logistic
map) , (period doubling bifurcation)
, (Chaos) . Ricker model , Kuznetsov
(1998) [9, chapter 4.] 19. simula ion 9 .
, $f(a_{t})$
. 4 , sigmoid
$r(k)(45)$ 3 $f(a_{t})(51)$ ,
tent $r(k)(48)$ 6 $f(a_{t})(49)$ .
(unimodality) $r(k)$ $f(a_{t})$ ,
. , (parameter)











pa 9: A bifurcation diagram of Ricker $model$ [$9$ , Fig. 4.8]
(parameter) $b$ ( (48) ), unimodal $r(k)$
.
oo
5.1.1 In case of $f(a_{t})$ from sigmoid
, Sigmoid $f(a_{t})$ , (51) .
$b$ , Skellam model (12) (contest competition)
, $a_{t}=0$ $a_{t}=a$ . $a^{*}$ , $a_{t}=f($ $)$
$a_{t}$ , $a_{t}=0$ . $f(a_{t})$ $(f’(a_{t})>0)$ , , $f($ $)$
concave $(f”(a_{t})<0)$ , $a_{t}=f(a_{t})$ , $a_{t}=0$ , $a_{t}>0$
. , $>0$
$a_{t}=a^{*}$ . , $a_{t}=a^{*}$ $a_{t}<a_{t+1}$ $a^{*}$
. $f(a_{t})$ 45 10 .
, , ,
.
, , $b$ ,
. , $a_{t}$ $f(a_{t})$ convex
20$f(a_{t})$ 45 ?? . ( , . )
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, $f(a_{t})$ concave ,
$a_{t}arrow+0$ $f(a_{t})<a_{t}$ , . ,
parameter , $a_{t}=0$ , ,
. ( ,
. , 52
, .) , $a_{t}=0,\overline{a},$ $a^{*}$ $(0<\overline{a}<a^{*}$
). , , 11 ,
$a_{t}=0$ , $a_{t}=\overline{a}$ , $a_{t}=a$ . ,
, (bistable) .
(basin) , $a_{t}=\overline{a}$ , $a_{t}=0$ $a_{t}<\overline{a}$ ,







(constet competition) (scramble competition)
, .
, parameter $b$ , $f(a_{t})<a_{t}$ ,
, $a_{t}=0$ . 12 . , ,
. , $a_{t}=0,\overline{a},$ $a^{*}$ ,




, . , modified
tent model .
5.1.2 In case of $f(a_{t})$ from modifled tent
, $f(a_{t})$ , (49) . ,
tent model Sigmoid .
$b$ , Ricker (6) (scramble competition)
, $a_{t}=0$ $a_{t}=a^{*}$ . ( 13 .)




., Sigmoid , , $b$
, .
, Sigmoid ,
[8, Chapter 7-8] . - ,
$f(a_{t})$ , pitchfolk bifurcation . , $f(O)=0$
, transcritical ( ) bifurcation . ,
, $f(a_{t})$ , $a_{t}<0$ , , $f(a_{t})<0$
. . $f(a_{t})$
. , , $f(a_{t})$ $a_{t}\geq 0$
, $f$ )\geq 0 , .
, pitchfolk bifuroetion , , transcritical
bifurcation $f(a_{t})\geq 0$ , 21.
, . $f(a_{t})$ $a_{t}=0$
52 , .
, , $a_{t}=0,\overline{a},$ $a$ $(0<\overline{a}<a)$ .
, 14 , $a_{t}=0$ , $a_{t}=\overline{a}$ , $=a$
. , ,
(bistable) . (basin)






, Sigmoid , (bistable)
, (scramble competition)
, .
, parameter $b$ , $f(a_{t})<a_{t}$ ,
, $a_{t}=0$ . . ,
. , $e=0,\overline{a},$ $a^{*}$ , $\overline{a}$
$a^{*}$ parameter Saddle-Node bifurcation .
( 15 .)
, Sigmoid , tent model ,




petition) (scramble competition) , $a_{t}$
, \searrow (unimodality)
. $f(a_{t})$ 45 , ,
. 22
5.2 Stability analysis of fixed point $a_{t}=0$
, , , $f(a_{t})$ $=0$
($0$ ) $\overline{a}$ .
5.1 , $f(a_{t})$ (Convexity) . ,
, Convexity$(f”(O)>0)$ ,
$a_{t}=0$ 45 $f(a_{t})$ $(f’(0)<1)$ .
, $a_{t}=f(a_{t})$ .
, .
individual-based first principle (5)
$a_{t+1}=f(a_{t}):=a_{t} \sum_{k-\triangleleft}^{\infty}p_{k}r(k)$
, , $a_{t}=x$ , . , $p_{k}$
$a_{t}$ , $p_{k}(x)$ . ,
$f(x)$ $:=x \sum_{k=0}^{\infty}p_{k}(x)r(k)=\sum_{k=0}^{\infty}xp_{k}(x)r(k)$ (52)
.







22 , . . :
, modffied tent model , sigmoid
. $f(a_{1})$ .




. $f’(x)$ , $p_{k}(x)$
.
$\frac{dp_{k}(x)}{dx}$ $:=p_{k}’(x)$ $=$ $\frac{1}{\text{ }!}\{k(x/n)^{k-1}\frac{1}{n}\exp(-x/n)+(x/n)^{k}\frac{-1}{n}\exp(-x/n)\}$
$=$ $\frac{1}{n}\{p_{k-1}(x)-p_{k}(x)\}$ (54)
,
$p_{k-1}(x)= \frac{(x/n)^{k-1}\exp(-x/n)}{(k-1)!}=\frac{n\text{ }}{x}p_{k}(x)$ (55)
(54) ,
$p_{k}’(x)$ $=p_{k}(x) \{\frac{k}{x}-\frac{1}{n}I$ (56)
. , (54) , , $p_{k}’(x)$
, $p_{k}(x)$
, . (56) ,
$f’(x)$ $=$ $\sum_{k=0}^{\infty}r(k)\{p_{k}(x)+xp_{k}’(x)\}$ (57)
$=$ $\sum_{k=0}^{\infty}r(k)p_{k}(x)\{1+k-\frac{x}{n}\}$ (58)
.
, convexity , .
, , $p_{k}(x)$ . (54) ,











. , $f(x)$ , (57)
,
$\frac{d^{2}f(x)}{dx^{2}}$ $:=f”(x)$ $=$ $\sum_{k=0}^{\infty}r(k)\{p_{k}’(x)+xp_{k}’(x)+p_{k}’’(x)\}$
$=$ $\sum_{k=0}^{\infty}r(k)\{2p_{k}’(x)+xp_{k}’’(x)\}$ (62)
, , (56), (61) ,
$f”(x)$ $= \sum_{k-\triangleleft}^{\infty}r(k)p_{k}(x)[2\{\frac{k}{x}-\frac{1}{n}\}+x\{\frac{\text{ }(k-1)}{x^{2}}-\frac{2k}{nx}+\frac{1}{n^{2}}I]$
$= \sum_{k-\triangleleft}^{\infty}r(k)p_{k}(x)\{\frac{k(k+1)}{x}-\frac{2(k+1)}{n}+\frac{x}{n^{2}}\}$ (63)
.
, (bifurcation) , $f(a_{t})$
. , $p_{k}(x)$
, (59) ,
$\frac{d^{3}p_{k}(x)}{dx^{3}}$ $:=p_{k}^{\langle 3)}(x)$ $=$ $\frac{1}{n^{2}}\{p_{k-2}’(x)-2p_{k-1}’(x)+p_{k}’(x)\}$
$=$ $\frac{1}{n^{3}}\{p_{k-3}(x)-3p_{k-2}(x)+3p_{k-1}(x)-p_{k}(x)\}$ (64)
,
$p_{k-3}(x)= \frac{(x/n)^{k-3}\exp(-x/n)}{(k-3)!}=\frac{n^{3}k(k-1)(\text{ }-2)}{x^{3}}p_{k}(x)$ (65)
(60) (55) ,
$p_{k}^{(3)}(x)$ $=$ $\frac{1}{n^{3}}[\frac{n^{3}k(k-1)(k-2)}{x^{3}}p_{k}(x)-3\frac{n^{2}\text{ }(k-1)}{x^{2}}p_{k}(x)+3\frac{nk}{x}p_{k}(x)-p_{k}(x)]$
$=p_{k}(x) \{\frac{k(k-1)(k-2)}{x^{3}}-\frac{3k(k-1)}{nx^{2}}+\frac{3k}{n^{2}x}-\frac{1}{n^{3}}\}$ (66)
. , $f(x)$ , (62)
,
$\frac{d^{3}f(x)}{dx^{3}}:=f^{(3)}(x)$ $= \sum_{k=0}^{\infty}r(k)\{3p_{k}’’(x)+xp_{k}^{\langle 3)}(x)\}$ (67)
, , (61), (66) ,





., $x=0$ . , (53) $x=0$
$p_{k}(0)=\{\begin{array}{ll}1 (k=0)0 (k\geq 1)\end{array}$ (69)
, . ,
$p_{0}(x)$ $=$ $\exp(-x/n)$ (70)
$p_{1}(x)$ $=$ $(x/n)\exp(-x/n)$ (71)
$p_{2}(x)$ $=$ $\frac{(x/n)^{2}\exp(-x/n)}{2}$ (72)
, .
, (58) ,
$f’(x)$ $=r(0)m(x) \{1-\frac{x}{n}\}+\sum_{k=1}^{\infty}r(k)p_{k}(x)\{1+k-\frac{x}{n}\}$ (73)
. $x=0$ , $0$ \langle , (70) ,
$f’(0)=r(0)$ (74)
.
, (63) $x=0$ $f”(O)$ , (63)
$0$ $x$ $k$ , $k=0$ , $k=1$
,
$f”(x)$ $=$ $r(0)n(x) \{-\frac{2}{n}+\frac{x}{n^{2}}\}+r(1)p_{1}(x)\{\frac{2}{x}-\frac{4}{n}+\frac{x}{n^{2}}\}$
$+. \sum_{k=2}^{\infty}r(k)p_{k}(x)t\frac{k(k+1)}{x}-\frac{2(k+1)}{n}+\frac{x}{n^{2}}\}$ (75)
. $x=0$ , $0$ \langle , (70). (71)
,







, $f”(O)$ , $f^{(3)}(0)$ $\frac{\partial}{\partial b}f’’(O)$ ,
.
, (68) $x=0$ $f^{(3)}(0)$ , (68)
$0$ $x$ $k$ , $k=0$ , $k=1,2$
,
$f^{(3)}(x)$ $=$ $r(0)p_{0}(x) \{\frac{3}{n^{2}}-\frac{x}{n^{3}}\}+r(1)p_{1}(x)\{-\frac{6}{nx}+\frac{6}{n^{2}}-\frac{x}{n^{3}}\}$
$+r(2)p_{2}(x) t\frac{6}{x^{2}}-\frac{18}{nx}+\frac{9}{n^{2}}-\frac{x}{n^{3}}\}$
$+ \sum_{k=3}^{\infty}r(k)p_{k}(x)\{\frac{(k-1)k(k+1)}{x^{2}}-\frac{3k(k+1)}{nx}+\frac{3(k+1)}{n^{2}}-\frac{x}{n^{3}}\}$ (77)





$r(k)$ . , $f’(O)<1$
, r( ) .
$r(k)$ , Sigmoid (45) (48) .
5.2.1 Fixed point in $f(a_{t})$ from sigmoid
, (51) . (45) (74) ,
$f’(0)=r(0)= \frac{c}{1+\exp(b)}$ (79)
, $f’(0)<1$ , $c<1+\exp(b)$ ,
$b>\ln(c-1)$ (80)
.














$b> \log_{e}(\frac{e}{e-2})=1-\ln(e-2)$ (81) $\cdot$
. $b>1-\bm{i}(e-2)\simeq 1.33$ . $b=1$ (e–2) $\simeq 1.33$
, (80) ,
$c<1+ \exp(b)=1+\frac{e}{e-2}=\frac{2e-2}{e-2}$ (82)
, $c< \frac{2e-2}{e-2}\simeq 4.78$ .
5.2.2 Fixed point in $f(a_{t})$ from modifled tent




, $b$ , $b>0$
. , $f’(O)<1$ , $ch^{2b}<1$ ,
$c>h^{-2b}$ (84)
.
, (48) (Convexity) $f”(O)>0$ .
(76) $r(1)$ ,
$r(1)=\{\begin{array}{ll}ch^{2b-1} (1<b)ch (b\leq 1)\end{array}$ (85)
, , (85) , (76) ,
$f”(0)$ $=$ $\frac{2}{n}\{r(1)-r(0)\}$






, $c>0$ $h^{-1}>1$ , $h>0$ , $0<h<1$ . $c<0$
$h>1$ .
$b\leq 1$ , $f”( O)=\frac{2}{n}\{ch-ch^{2b}\}=\frac{2e}{n}(h-h^{2b})$ . $c>0$ $h^{2b-1}<1$ .
$h>0$ $0<h<1$ , $c<0$ $1<h^{2b-1}$ , $h>1$ .
, $b=1$ , , $c>0$
$h>0$ $0<h<1$ , $c<0$ $h>1$ .
, $f”(0)$ , $b$ , $c>0$ ,
$0<h<1$ , $c<0$ , $1<h$ .
, $f’(O)<1$ $f”(O)>0$ ,
.
, (scramble competition) 23 (contest
competition) , (bistability)
.




. , first principle derivation
, Royama individual-based framework ,
. , individual-based framework
. ,
. (Holling TyPe III )




$2S$ , 1 individual based first principle derivation
40
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We researched the relation with neighbors and clustering in population dynamics. And,
we discussed the limitation of first principle derivation. Its difficulty cause from $k!$ . Con-
sidering economic situaion, we derive unimodal distribution as interaction function $r(k)$ .
Using this unimodal interaction function, we can derive Holling type III as time evolu-
tion $f(a_{t})$ . This function has convexity where $a_{t}$ is small, so we can see the interesting
dynamics: bistability.
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$10$ : A figure of $f(a_{t})$ from sigmoid for considering bifurcation. (Comparison: 1 of 3.)
($b$ is very small.) Equation (51). $A=s=1,$ $b=1.0,$ $c=50$.
$Ot$
$11$ : A figure of $f(a_{t})$ from sigmoid for considering bifurcation. (Comparison: 2 of 3.)
($b$ is relatively smaJl.) Equation (51). $A=s=1,$ $b=15,$ $c=50$.
$a\iota$
ou 12: A figure of $f(a_{t})$ from sigmoid for considering bifurcation. (Comparison: 3 of 3.)





pa 13: A figure of $f(a_{t})$ from modified tent for considering bifurcation. (Comparison: 1
of 3.) ( $b$ is very small.) Equation (49). $A=s=1,$ $b=20,$ $c=100,$ $h=0.9$.
$a\iota$
$14$ : A figure of $f(a_{t})$ from modified tent for considering bifurcation. (Comparison: 2
of 3.) ($b$ is relatively small.) Equation (49). $A=s=1,$ $b=35,$ $c=100,$ $h=0.9$ .
$Ot$
$15$ : A figure of $f(a_{t})$ from modified tent for considering bifurcation. (Comparison: 3
of 3.) ($b$ is relatively large.) Equation (49). $A=s=1,$ $b=45,$ $c=1OO,$ $h=0.9$ .
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